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In
tro

d
u

cto
ry

exam
p

le

F
ind

distinct
digits

for
all

letters,
such

that
S

��
0

�M
��

0
and

the
follow

ing
equation

holds.

S
E

N
D

�
M

O
R

E

M
O

N
E

Y

2

A
C

L
P

(F
D

)-p
ro

g
ram

m
o

d
ellin

g
th

is
p

ro
b

lem

A
lg

o
rith

m
1

S
end

M
ore

M
oney

in
C

LP.
smm(L):-

(1)
L

=
[S,E,N,D,M,O,R,Y],

(2)
domain(L,

0,
9),

(3)
S

#>
0,

(4)
M

#>
0,

(5)
all

different(L),
(6)

1000*S
+
100*E

+
10*N

+
D

(7)
+

1000*M
+
100*O

+
10*R

+
E

(8)
#=

10000*M
+

1000*O
+
100*N

+
10*E

+
Y.

(9)3



S
o

lvin
g

|
?-

smm([S,E,N,D,M,O,R,Y]).

M
=

1,
O

=
0,

S
=
9,

E
in

4..7
N
in

5..8,
D
in

2..8,
R

in
2..8,

Y
in

2..8
?

yes

|
?-

smm([S,E,N,D,M,O,R,Y]),
labeling([],[S,E,N,D,M,O,R,Y]).

D
=

7,
E

=
5,

M
=
1,

N
=

6,
O
=

0,
R

=
8,

S
=
9,

Y
=

2
?

yes
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C
o

n
strain

t
P

ro
p

ag
atio

n
u

sin
g

in
tervalreaso

n
in

g

C
onstraint

propagation
is

an
inference

rule
for

finite
dom

ain
problem

s
that

reduces
the

dom
ains

ofvariables.

�
G

iven
the

follow
ing

constraintsX
� �0

�������� 9�
Y

� �0
�������� 9�

X
�

Y
�

9
(1)

2X
�

4Y
�

24
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can

conclude:

E
q.

2
�

X
�

�0
�������� 8�

� Y
�

�2
������� 6�

E
q.

1
�

X
�

�3
�������� 7�

� Y
�

�2
������� 6�

E
q.

2
�

X
�

�4
��������6 �

�Y
�

�3
�4 �

E
q.

1
�

X
�

�5
� 6�

� Y
� �3

� 4�
E

q.
2

�
X

�
�6 �

�Y
�

�3 �

6

S
o

lvin
g

in
a

C
L

P
system

|
?-

X
in

0..9,
Y
in

0..9,
X+Y

#=
9,

2*X+4*Y
#=

24.

X
=

6,
Y
=

3
?

yes
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C
o

n
strain
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search

S
olving
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C

P
interleaves

propagation
and

speculative
assignm
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C
o

n
strain

ts

W
hatare

constraints?

F
o

rm
ally

A
relation

betw
een

objects
(problem

variables)

In
fo

rm
ally

A
statem

ent
of

how
the

value
of

one
or

m
ore

variables
restrict

the
possible

values
ofothers

E
.g

.�
E

xpressed
as

a
relation

in
m

athem
aticallanguage

a
�b �

�1
�2

�3 �
�a

��
b
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�
E

xpressed
as

tuples

�a
� b��

���1
� 2�

� �1
� 3�

� �2
� 1�

� �2
� 3�

� �3
� 1�

� �3
� 2��

V
ariab

les
d

o
m

ain
s

�
D

iscrete/C
ontinuous

�
F

inite/Infinite
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C
o

n
strain

t
system

s

A
theory

for
a

given
variable

dom
ain

and
a

class
or

type
ofconstraints.

E
.g.:

H
S

yntacticalequality
betw

een
H

erbrand
(P

rolog)
term

s

D
o

m
ain

:
a

�f�a
�g�b���

etc.
C

o
n

strain
ts:

f �X
�a

�U �
�

f �b
�Y

�V �
S

o
lu

tio
n

s:
X

�
b

� Y
�

a
� U

�
V

B
(In)E

quality
betw

een
boolean

expressions

D
o

m
ain

: �0
� 1�

C
o

n
strain

ts:
X�

Y
�

1
� X�

Y�
X�

Y
S

o
lu

tio
n

s:�
	 U��� X
�

Y�
U
 or �X

� Y��
���0

� 1�
� �1

� 0�
� �1

� 1��
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Q
E

quality
and

inequality
betw

een
linear

expressions
over

rationalnum
bers

D
o

m
ain

:
2

�15
� 35

etc.
C

o
n

strain
ts:

X
�

Y
�

2
�X �

6 �
y

�X
�

Y
�

23
S

o
lu

tio
n

s:
Y

�
X

�
2

�X �
4

F
D

R
elations

betw
een

finite
dom

ain
(usually

integers)

D
o

m
ain

:
3

� 8
� 12

etc.
C

o
n

strain
ts:

X
� Y

� Z
�

1�� 4
� X

�
Y

� 2Y
�

Z
S

o
lu

tio
n

s:
X

�
1

� Y
�

2
� Z

�
4
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P
ro

p
erties

an
d

relatio
n

s
o

f
co

n
strain

ts

LetΓ
be

a
constrainttheory,C

a
setofconstraints

and
c

a
contraint.

S
atisfi

ab
ility

Γ
� �

�	� C
C

o
n

sisten
cy

Γ
� �

�	��C �
c �

Tau
to

lo
g

y
Γ

� �
�����C

E
n

tailm
en

t
Γ

� �
����� C

�
c�

G
en

eralizatio
n

F
ind

the
“tightest”

C
for

a
set

of
constraints �C

1 ������� C
n �

such
that

Γ
� �

������ C
1 �

C���	�
����� C
n �

C���
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E
xam

p
le

2
—

A
g

lo
b

alco
n

strain
t

T
he

program
given

in
the

send-m
ore-m

oney
exam

ple
uses

a
global

con-
straint

called
all

different.
T

his
constraint

im
poses

pairw
ise

distinctness
betw

een
a

setofvariables.

X

Y
Z

\=
\=

\=
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N
aive

b
in

arizatio
n

is
in

co
m

p
lete!

all
d

if
ferent� X

� Y
� Z��

�
X

��
Y�

Y
��

Z�
X

��
Z

�
H

ow
ever,if

X
�Y

�Z
�

�1
�2 �

no
localreasoning

(using
inform

ation
only

aboutvariable
dom

ains
and

a
sin-

gle
binary

constraint)
can

conclude
thatthis

setofconstraints
is

inconsistent

�
I.e.

m
ore

“global”
reasoning

is
necessary

for
com

pleteness
in

this
case;

for
all

different
com

plete
algorithm

s
are

know
n

thatw
orks

in
quadratic

tim
e
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�
G

lobalreasoning
can

in
generalprovide

strong
propagation

even
ifcom

plete
algorithm

s
are

notknow
n

or
are

too
com

putationally
dem

anding
for

practical
use
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H
isto

ricalrem
arks

�
E

arly
use

ofconstraints
in

graphics
softw

are
S

K
E

T
C

H
PA

D
c.a.

1963

�
C

S
P

firstsystem
atically

studied
in

A
I(vision)

1971-1975

�
F

irststeps
in

C
LP

by
Jaffar

&
Lassez

(C
LP

(R
))c.a

1987

�
F

inite
dom

ain
C

S
P

studied
by

M
ackw

orth
c.a.

1992

�
F

irst
practical

im
plem

entations
by

C
olm

erauer
et.

al.
(P

rolog-III)
reported

c.a.
1990

�
P

ioneering
effort

by
team

at
E

C
R

C
on

the
C

H
IP

system
set

stage
for

large
scale

applications
from

1988
and

onw
ard
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�
C
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IP
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m

ercialized
by

C
O

S
Y

T
E

C
1990

�
ILO

G
S

O
LV

E
R

introduced
1994

�
F

irstglobalconstraint(all-different)
c.a.

1994

�
G

lobalconstraints
in

C
H

IP
c.a.

1993
—

N
ew

levelof

�
ILO

G
S

O
LV

E
R

com
m

ercialized
by

ILO
G

1987
—

V
ery

successful

�
C

LP
(F

D
)

introduced
in

S
IC

S
tus

P
rolog

1997
—

S
tate

ofthe
artsystem
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