
In
tro

d
u

ctio
n

to
co

n
strain

t
p

ro
g

ram
m

in
g

L
ectu

re
II

P
er

K
reuger

piak@sics.se
&

M
arkus

B
ohlin

bola@sics.se

N
ovem

ber
2002

C
o

n
strain

t
S

atisfactio
n

�
C

onstraint
satisfaction

problem
s

(C
S

P
)

w
ere

firststudied
as

a
generalm

od-
eling

technique
in

A
I

�
M

any
practical

com
binatory

problem
s

are
straightforw

ardly
m

odelled
as

C
S

P
s

�
A

variety
of

techniques
have

been
developed

to
solve

different
classes

of
C

S
P

s

�
From

the
field

ofC
S

P
arose

a
som

e
ofthe

specialized
techniques

used
w

ithin
C

onstraintP
rogram

m
ing

(C
P

)
to

solve
m

any
practicalproblem

s
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�
T

he
theory

ofC
S

P
s

stillprovide
a

theoreticalbase
ofC

P

2

C
o

n
strain

t
S

atisfactio
n

P
ro

b
lem

s
(C

S
P

)

A
C

onstraintS
atisfaction

P
roblem

(C
S

P
)

is
a

triple �Z �D �C �
w

here:

�
Z

is
a

(finite)
setofvariables� x

1 ��������� x
n �

�
D

is
an

setof(variable
)

dom
ains

(setofpossible
values)

for
each

vari-
able

in
Z

–
Let,for

a
given

variable
x 	

Z
,D

x
denotes

its
dom

ain
�

C
is

a
set


C �x1i �
�����
� xni ���
i��� C�

of
constraints,

each
restricting

the
values

that
the

variables
�x

1
i ���������x

n
i ���

Z
can

sim
ultaneously

take
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Typ
es

o
f

C
S

P
s

D
o

m
ain

s
m

ay
e.g.

be

B
o

o
lean

s
F

in
ite

collections
ofintegers,or

sym
bols

In
tervals

ofreals
or

rationals
Trees

finite
or

rational

C
o

n
strain

ts
m

ay
be

u
n

ary
a

property
ofthe

objectrepresented
by

the
variable

b
in

ary
a

relation
betw

een
tw

o
distinctobjects

n-ary
a

relation
betw

een
n

distinctobjects

4

L
ab

els

A
label

is
a

variable-value
pair �x� v�

representing
the

assignm
ent

of
the

value
v	

D
x

to
the

variable
x.

A
com

pound
labelis

a
finite

set � �x
1 �v

1 ���������� �x
n �v

n ��
oflabels

represent-
ing

the
sim

ultaneous
assignm

ent
of

the
value

v
1 	

D
x1

to
the

variable
x

1 ,
v

2 	
D

x2
to

x
2

and
so

on.

A
k-com

pound
label

is
a

com
pound

labelofsize
k.

A
projection

is
a

subsetofa
com

pound
label.
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Tu
p

le
rep

resen
tatio

n
o

f
co

n
strain

ts

A
constraintC �x1�
������� xk� m

ay
thoughtofas

a
setof“legal”k-com

pound
labels

�� �x
1 � v

1 ���������� �x
k � v

k ���� C �x1���
���� xk���
i.e.,the

setofallvalid
assignm

ents

�
T

his
is

a
very

generalbutw
astefulrepresentation

since
in

generalitis
space

exponential

�
M

any
algorithm

s
on

C
S

P
s

are
form

ulated
on

such
a

representation

�
In

m
ostpracticalcases

other
representations

are
used
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S
atisfactio

n
an

d
satisfi

ab
ility

A
com

pound
label

L
satisfies

a
constraint

C �x1���
����� xk�
if

and
only

if
there

exists
a

projection
S

k �
L

thatis
a

k-com
pound

labelsuch
that

S 	
C �x1���
���� xk�

A
C

S
P �Z� D� C�

is
satisfiable

ifand
only

ifthere
exists

a
com

pound
label

assigning
values

to
allthe

variables
in

Z
thatsatisfies

allconstraints
in

C
.
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S
o

lu
tio

n
s

A
solution

to
a

C
S

P
is

an
assignm

ent
(com

pound
label)

of
a

value
v

x 	
D

x
from

its
dom

ain
to

every
variable

x 	
Z

,
such

that
every

constraint
is

satisfied.

W
e

m
ay

w
antto

find:

�
justone

solution,w
ith

no
preference

as
to

w
hich

one
�

allsolutions
�

the
m

ostgeneralsolution
�

an
optim

al,
or

at
least

a
good

solution,
given

som
e

objective
function

defined
in

term
s

ofsom
e

or
allofthe

variables
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T
ig

h
tn

ess
o

f
co

n
strain

ts

T
ightness

of
a

is
a

m
easure

of
the

difficulty
of

satisfying
a

constraint
or

a
C

S
P.Letthe

tightness
ofa

constraintC �x1�
������� xn� in
a

C
S

P �Z �C �D �
be

��C �x1��������� xn� ��

� D
x1��

�������
D

xn �
i.e.,

the
num

ber
of

valid
com

pound
labels

relative
to

all
possible

ones
given

only
the

dom
ains

ofthe
variables.
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G
en

eraln
o

tio
n

s
o

f
tig

h
tn

ess

�
C

onstraints
w

ith
low

tightness
are

referered
to

as
tight

�
x�

y
is

generally
a

tight
constraintsince

in
m

ostcases

� �� �x �a �� �x �b ��� �a 	
D

x �b 	
D

y ���
a �

b��
� D

x�
D

y �
�

1

�
x ��

y
is

generally
a

loose
constraintsince

in
m

ostcases

� �� �x� a�� �x� b��� �a	
D

x � b	
D

y���
a��

b��
� D

x�
D

y �
�

0

10

T
ig

h
tn

ess
o

f
a

C
S

P

T
he

tightness
ofa

C
S

P
is

num
ber

ofsolution
divided

by
the

totalnum
ber

ofcom
pound

labels
assigning

allvariables
in

Z
.

L
o

o
se

p
ro

b
lem

�
m

any
solutions,possibly

a
strong

case
for

satisfiability

T
ig

h
t

co
n

strain
ts

�
possibly

strong
propagation

T
ig

h
t

p
ro

b
lem

�
difficultto

find
even

one
solution,ifm

ostconstraints
are

also
tightw

e
m

ay
have

strong
case

for
optim

ization

P
roblem

s
w

ith
m

any
loose

constraints
m

y
be

very
tight!
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S
u

m
m

ary
o

f
essen

tialco
n

cep
ts

C
S

P �Z �D �C �
C

onstraintS
atisfaction

P
roblem

D
o

m
ain

D
x

ofa
variable

x

L
ab

el
assignm

ent �x� v�
ofa

value
v

to
a

variable
x

C
o

m
p

o
u

n
d

lab
el

sim
ultaneous

assignm
ent � �x

1 �v
1 ���������� �x

n �v
n ��

of
a

of
val-

ues
v

1 ���������v
n

to
variables

x
1 ���������x

n
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E
ssen

tialco
n

cep
ts

(co
n

t.)

C
o

n
strain

t
a

relation
on

variables
(or

a
setofcom

pound
labels)

S
atisfactio

n
o

f
co

n
strain

tC �x1�
������� xk� by
co

m
p

o
u

n
d

lab
elL

L
�

S 	
C �x1�
������� xk�

S
atisfi

ab
ility

o
f

C
S

P
E

xistence
of

a
com

pound
label

L
that

satisfies
all

con-
straints

S
o

lvin
g

a
C

S
P

F
inding

such
a

label...
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B
in

ary
C

S
P

s

A
binary

C
S

P
is

a
C

S
P

w
here

allconstraints
are

eitherunary
C �x� orbinary

C �x� y� .
M

any
classical

solution
m

ethods
w

ork
only

w
ith

binary
problem

s.
In

order
to

solve
general

C
S

P
s

w
ith

such
techniques

w
e

can
transform

them
to

binary
C

S
P

s.

A
ny

C
S

P
can

be
transform

ed
into

a
binary

C
S

P
by

replacing
every

n-
ary

constraint
(for

n
�

2)
by �

a
new

variable
w

w
ith

a
dom

ain
containing

the
valid

com
pound

labels
of

the
original

constraint
and

n
new

binary
�O

ther
binarization

m
ethods

exist.
S

ee
e.g.

B
arták

14

constraints
betw

een
w

and
each

of
the

original
variables

such
that

the
originalvariable

is
constrained

to
a

projection
of

the
com

pound
labels

in
w

.
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B
acksid

e
o

f
b

in
arizatio

n

�
B

y
transform

ing
a

generalC
S

P
into

a
binary

C
S

P,
w

e
loose

structuralinfor-
m

ation
aboutthe

originalconstraints

�
S

uch
inform

ation
can

potentially
be

used
to

prune
the

search
space

m
ore

ag-
gressively

by
using

specialized
techniques

for
im

portant
classes

non-binary
constraints
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C
o

n
strain

t
g

rap
h

s

A
ny

given
C

S
P �Z �D �C �

can
be

represented
as

a
constraint

graph
�.

In
a

constraintgraph,each
arc

represents
a

constraint.
B

ecause
an

arc
by

definition
connects

atm
osttw

o
nodes,w

e
need

to
generalize

graphs
to

allow
k-ary

edges.

A
hyperedge

ε 	
E

is
a

setofnodes.

A
hypergraph

is
a

tuple �V �E �
w

here
V

is
a

set
of

nodes
and

E
is

a
set

ofhyperedges.

�In
fact,by

a
annotated

constraintgraph,w
here

inform
ation

aboutconstraints
are

associated
w

ith
the

edges
of

the
graph.
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C
o

n
strain

t
hyp

er
g

rap
h

s

A
constraint

hypergraph
for

a
C

S
P �Z �D �C �

is
the

hypergraph �Z �E �
w

here
Z

is
the

set
of

variables
in

the
problem

and
E

is
a

set
of

hyper-
edges,

w
here

each
hyperedge

ε
i ��x

1
i ���������x

ki � 	
E

corresponds
to

a
constraintC �x1i �
������� xki � 	

C
.

Just
as

general
C

S
P

s
can

be
reduced

to
binary

C
S

P,
constraint

hypergraphs
can

also
be

reduced
to

binary
constraintgraphs,w

hich
are

ordinary
graphs

w
ith

binary
and

unary
edges

only.
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E
xam

p
le

C
onsider

the
follow

ing
C

S
P,w

here

Z�� x� y� z�
D

x �� 1� 2� 3� � D
y �� 1� 2� 3� � D

z �� 1� 2� 3�
C
�� x��

y��
z�
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T
h

e
co

n
strain

t
hyp

er
g

rap
h

o
f

th
e

exam
p

le

x

y
z

x\=
y\=

z

{1
,2
,3
}

{1
,2
,3
}

{1
,2
,3
}

F
igure

1:
T

he
constrainthyper

graph �� a� b� c� ��� x� y� z�� �
20

T
h

e
co

rresp
o

n
d

in
g

(b
in

ary)
co

n
strain

t
g

rap
h

x

y
z

w

C
_

<
x,w

>

C
_

<
y,w

>
C

_
<

z,w
>

{1
,2

,3
}

{1
,2

,3
}

{1
,2

,3
}

D
_

w

F
igure

2:
T

he
constraintgraph �� a� b� c� w� ��� x� w� ��� y� w� �� z� w�� �
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D
o

m
ain

o
f

n
ew

variab
le

w
an

d
n

ew
co

n
strain

ts

w
here

D
w ��� �x �X �� �y �Y �� �z �Y ��� X 	

D
x �Y 	

D
y �Z 	

D
z �X

��
Y
��

Z�
and

C �x� z� ��� �x� X�� �w��� �x� X�� �y� Y�� �z� Z�� ��� X	
D

x � Y	
D

y � Z	
D

z �

C �y� z� ��� �y� Y�� �w�� �x� X�� �y� Y�� �z� Z�� ���� X	
D

x � Y	
D

y � Z	
D

z �
22

C �y� z� ��� �z �Z �� �w �� �x �X �� �y �Y �� �z �Z �� ��� X 	
D

x �Y 	
D

y �Z 	
D

z �

23



A
g

en
eralized

g
rap

h
rep

resen
tatio

n

X

Y
Z

\
=

\
=

\
=

F
igure

3:
T

he
constraintgraph ��a �b �c �w� ���x �y� ��x �z� ��y �z�� �

�
M

any
single

non-binary
constraint

can
also

be
represented

as
set

of
sim

ilar
constraints

and
a

given
graph

property,e.g.
clique

(B
eldiceanu)
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A
g

rap
h

co
lo

rin
g

exam
p

le

x

y
z

w

F
igure

4:
T

he
m

ap
ofa

m
ap

coloring
problem

�
T

hree
possible

colors:
R

ed,G
reen

and
B

lue

�
N

o
adjacentareas

in
sam

e
color
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C
o

lo
rin

g
g

rap
hx

wy
z

(
r
,
g
,
b
)

(
r
,
g
,
b
)

(
r
,
g
,
b
)

(
r
,
g
,
b
)

F
igure

5:
M

ap
coloring

graph
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C
S

P
fo

r
m

ap
co

lo
r

p
ro

b
lem

Z ��w �x �y �z�
D

w �
D

x �
D

y �
D

z �� r� g� b�
C
� �C �w� x� �C �w� y� �C �x� y� �C �x� z� �C �y� z� �

w
here

for
each

A
and

B

C �A� B� � ���� � �A �r �� �B �g �� �� �A �r �� �B �b �� �
� �A �g �� �B �r �� �� �A �g �� �B �b �� �
� �A �b �� �B �r �� �� �A �b �� �B �g �� ����
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