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H
e

uristic
a

nd
Exa

c
tM

e
tho

d
s

H
euristic

–
from

the
G

reek
heuriskein

,m
eaning

to
find

out,discover.

E
xactM

ethods:

�
C

om
plete

—
guarantees

to
find

a
solution

/optim
um

ifone
exists.

�
A

proofofinfeasibility
(to

rejecta
partiallabel)

can
be

expensive
to

find.
�

To
find

a
proofofoptim

ality
for

optim
ization

problem
s

is
very

expensive.
�

S
olving

tim
e

doesn’tscale
w

ellw
ith

increased
problem

size.
�

E
xam

ples:
B

acktrack
search,C

LP,B
ranch&

B
ound

optim
ization.

H
euristic

M
ethods:

�
B

ased
on

“com
m

on
sense”

and
w

hatseem
s

bestto
do.

�
C

an
“undo”

bad
decisions

during
search.

�
A

nsw
er

for
a

satisfiability
problem

:
“Yes”,or

“P
robably

not”.
�

A
nsw

erforan
optim

ization
problem

:
a

solution
hopefully

close
to

the
optim

um
.

�
C

onclusion:
H

euristic
m

ethods
are

not
com

plete
and

are
not

guaranteed
to

find
a

solution
or

an
optim

um
.
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Traveling

S
alesm

an
P

roblem
(T

S
P

)

�
Job-S

hop
S

cheduling

�
P

ropositionalS
atisfiability

(S
AT

)

�
0-1

Integer
O

ptim
ization

�
N

um
erous

other
problem

s

�
A

vailable
in

ILO
G

S
olver

�
S

pecialized
languages:

Localizer
etc.
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Intro
d

uc
tio

n
to

Lo
c

a
lSe

a
rc

h

Localsearch
is

a
com

m
on

algorithm
structure

for
heuristic

m
ethods.

1.
C

hoose
an

initialpossible
solution

�
to

the
problem

.

2.
C

hoose
another

possible
solution� �from

��
���� ,the

neighborhood
of� ,and

let
���

� �.

3.
R

epeat(2)
until � �satisfies

a
stop

criteria.

�
It

is
com

m
on

to
use

a
cost

function
	

w
hich

grades
possible

solutions.
W

e
only

selecta
new

solution
ifitis

better
than

the
old

one.

�
A

solution
�

can
be

either
partialor

com
plete.

In
pure

localsearch,
solutions

are
often

com
plete.
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G
o

o
d

�
A

voids
“thrashing”,bad

choices
can

be
repaired

w
ithoutbacktrack.

�
S

earch
space

in
each

iteration
is

sm
allcom

pared
to

the
fullsearch

space.

�
Itis

often
possible

to
evaluate

how
good

possible
solutions

are
efficiently.

�
M

odification
of

one
possible

solution
to

another
in

the
neighborhood

is
often

possible
to

im
plem

entefficiently.

�
B

ecause
of

efficiency
reasons,

som
etim

es
the

only
usable

m
ethod

to
solve

com
plex

problem
s.
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Ba
d

�
Incom

plete.

�
C

annotuse
consistency.

�
P

roblem
specific

solvers.

�
S

olver
is

often
a

“black
box”.

H
ow

ever,severalofthese
problem

s
can

be
adressed

using
hybrid

m
ethods.
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Running
Exa

m
p

le
:Sing

le
-C

a
p

a
c

ity
Re

so
urc

e
Sc

he
d

uling
(SC

RS)

�
A

ssum
e

a
setofactivities

(tasks)�
�

���������	���
�
�
� .
�

E
ach

activity
���

has
a

start
tim

e
���

(dom
ain

variable)
and

a
duration

�����
�

(constant).
T

he
end

tim
e
�� ofany

task �� can
be

calculated
as �� �

����
�� .

�
T

he
goalis

to
schedule

allactivities
in �

on
a

m
achine

(resource) �
.

�
�

can
handle

atm
ostone

activity
atthe

sam
e

tim
e.

�
N

o
task

can
be

interrupted
w

hile
processed

on�
.

�
E

quivalentto
the

s
e
r
i
a
l
i
z
e
d

globalconstraint.
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Initia
lSo

lutio
ns

F
or

satisfiability:

�
C

om
pletely

random
.

�
A

pproxim
ation

(use
heuristic).

�
E

m
pty.

F
or

optim
ization:

�
M

ust(should)
satisfy

allconstraints.
�

A
pproxim

ation
ofoptim

um
(use

heuristic).
�

R
andom

.
�

E
m

pty.
�
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C
o

stFunc
tio

ns

T
he

cost
function

is
used

to
grade

solutions,
and

to
guide

the
search.

T
he

cost
function

should
have

the
follow

ing
three

characteristics:

�
F

ew
solutions

in
��
����

should
have

the
sam

e
	-value.

O
therw

ise,
w

e
w

illget
m

any
plateaus

and
bad

guiding.

�
	 �� ���

�
	 ����

should
be

possible
to

calculate
efficiently.

T
his

is
used

as
a

m
easure

for
the

“goodness”
of � �and

calculated
in

the
inner

loop
of

the
local

search
algorithm

.

�
If

the
problem

is
a

com
bined

optim
ization

and
satisfaction

problem
,

the
optim

ization
partof	

should
be

“com
parable”

w
ith

the
satisfaction

partof	 .
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So
m

e
G

o
o

d
a

nd
Ba

d
C

o
stFunc

tio
ns

G
o

o
d

:

�
T

he
num

ber
ofviolated

softconstraints.

�
T

he
sum

ofthe
w

eights
ofthe

violated
constraints

�
T

he
sum

ofthe
am

ountofindividialviolation
ofthe

constraints

B
ad

:

�
T

he
m

im
im

um
num

ber
of

variables
that

has
to

be
changed

in
order

to
satisfy

the
softconstraints.

E
xpensive

to
calculate,lots

ofplateaus.
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C
o

stFunc
tio

n
fo

rSC
RS

T
hree

good
costfunctions:

�
U

se
the

num
ber

of
tasks

intersecting
w

ith
other

tasks.
Low

granularity,
easy

to
calculate.

�
U

se
the

num
ber

of
conflicts

betw
een

tw
o

tasks.
B

etter
granularity,

easy
to

calculate.
C

an
be

directly
com

bined
w

ith
externalbinary

constraints.

�
U

se
the

total
overlap

tim
e

betw
een

all
tasks.

H
igh

granularity,
easy

to
calculate.

N
ottrivialto

com
pare

to
other

costs.
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N
e

ig
hb

o
rho

o
d

�
S

earch
space

should
be

closed
under

the
neighborhood

definition
so

that
all

solutions
can

be
reached.

H
ow

ever,this
is

notalw
ays

possible.

�
S

m
allneighborhood

�
fastsearch,bad

localoptim
a.

�
Large

neighborhood
�

slow
er

search,better
localoptim

a.

H
ow

d
o

w
e

fi
n

d
a

g
o

o
d

n
eig

h
b

o
rh

o
o

d
?

�
A

given
problem

class
usually

has
certain

constraintcharacteristics.

�
A

good
neighborhood

is
one

thatexplores
possibly

im
proving

states
close

by.
T

his
can

be
used

to
reduce

the
neighborhood.

�
S

atisfaction
problem

s
—

try
to

reduce
the

num
ber

ofconflicts.

�
O

ptim
ization

problem
s

—
try

to
explore

the
space

offeasible
solutions.
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C
o

m
m

o
n

N
e

ig
hb

o
rho

o
d

s

�-a
ssig

n:
T

he
solutions

thatcan
be

reached
by

changing
the

value
ofatm

ost
�

variables.
U

sable
for

generalconstraintsatisfaction.

�-m
o

d
ify:

T
he

solutions
that

can
be

reached
by

changing
the

value
of

the
variables

w
ith

atm
ost

�.
V

ariantof
�-assign.

U
sable

for
constraintsatisfaction

and
boolean

optim
ization.

�-sw
a

p
:

T
he

solutions
that

can
be

reached
by

sw
apping

the
value

of
at

m
ost

�

variables.
O

ften
useless

for
satisfaction

problem
s.

U
sable

for
optim

ization,
to

keep
a

solution
feasible.
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�-a
ssig

n
fo

rSC
RS

W
e

assum
e

integer
dom

ains
and

show
the

values
resulting

from
changing

the
starttim

e
ofone

ofthe
tasks

in
the

problem
.
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�-m
o

d
ify

fo
rSC

RS

W
e

again
assum

e
integer

dom
ains.

T
his

is
the

fullexam
ple

for
the

given
state,

w
here

w
e

m
odify

each
value

by
either

increasing
or

decreasing
itw

ith
1.

M
a

rku
s

Bo
h

lin
21



C
o

n
stra

in
t

Pro
g

ra
m

m
in

g
2002:

H
e

u
ristic

M
e

th
o

d
s

V
ä

ste
rå

s,D
e

c
e

m
b

e
r13,2002

�-sw
a

p
fo

rSC
RS

In
this

neighborhood
w

e
exchange

the
values

betw
een

tw
o

tasks.
S

everaldom
ain

constraints
are

broken,and
the

num
ber

ofconflicting
tasks

are
notreduced.
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A
n

A
d

a
p

te
d

N
e

ig
hb

o
rho

o
d

fo
rSC

RS

�
T

he
�-assign

neighborhood
is

costly
to

com
pute,

� ����� .
(Im

possible
to

com
pute

efficiently
ifw

e
have

infinite
dom

ains).

�
T

he
�-m

odify
neighborhood

is
notdirectly

suitable.

�
T

he
�-sw

ap
neighborhood

is
justbad

for
this

problem
.

�
F

or
each

task,
there

are
� ��

�
��

tim
epoints

that
clearly

(can)
reduce

the
num

ber
ofconflics.

�
Try

to
m

ove
a

task
so

thatitis
active

im
m

ediately
before

or
after

another
task.

�
C

om
plexity

ofneighborhood
is
� �����.
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D
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m
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W
e

try
to

m
ove

each
task

to
the

position
eitherim

m
ediately

before
orim

m
ediately

after
another

task.
T

he
exam

ple
show

this
for

task
1.

M
a

rku
s

Bo
h

lin
24

C
o

n
stra

in
t

Pro
g

ra
m

m
in

g
2002:

H
e

u
ristic

M
e

th
o

d
s

V
ä

ste
rå

s,D
e

c
e

m
b

e
r13,2002

O
utline

H
euristic

and
E

xactM
ethods

Introduction
to

LocalS
earch

InitialS
olutions

C
ostF

unctions

N
eighborhoods

Im
p

rovem
en

t
S

trateg
ies

P
lateaus

and
LocalO

ptim
a

A
lgorithm

s

M
a

rku
s

Bo
h

lin
25



C
o

n
stra

in
t

Pro
g

ra
m

m
in

g
2002:

H
e

u
ristic

M
e

th
o

d
s

V
ä

ste
rå

s,D
e

c
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Im
p

rove
m

e
ntStra

te
g

ie
s

W
e

assum
e

a
cost

function
	

w
here

low
er

values
indicate

better
solution

candidates.
T

hree
m

ain
strategies:

�
F

irstD
escent

�
R

andom
D

escent

�
S

teepestD
escent

T
hese

are
often

com
bined

w
ith

m
ore

exotic
techniques

to
escape

plateaus,
diversify

search,explore
plateaus,etc.

M
a

rku
s

Bo
h

lin
26

C
o

n
stra

in
t

Pro
g

ra
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u
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M
e

th
o

d
s

V
ä

ste
rå

s,D
e

c
e

m
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e
r13,2002

FirstD
e

sc
e

nt

1.
C

hoose
an

initialpossible
solution

�
to

the
problem

.

2.
C

hoose
the

first
possible

solution
� ��
�
��
����

for
w

hich
	 �� ���

�
	 ���

and
let

���
� �.

3.
R

epeat
(2)

until� �
is

a
solution

or
is

optim
al,

or
until

a
plateau

has
been

detected
(there

is
no� �so

that	 �� ���
�
	 ���� ).

F
irstD

escentis
based

on
how

LS
im

provem
entis

usually
im

plem
ented.

A
listof

neighbors
is

traversed,
and

the
first

one
giving

any
im

provem
ent

is
selected

as
the

new
state.
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V
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c
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m
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Ra
nd

o
m

D
e

sc
e

nt

1.
C

hoose
an

initialpossible
solution

�
to

the
problem

.

2.
C

hoose
another

random
possible

solution
� ��

�
����

so
that 	 �� ��

�
	 ����

and
let ���

� �.

3.
R

epeat
(2)

until� �
is

a
solution

or
is

optim
al,

or
until

a
plateau

has
been

detected
(there

is
no� �so

that	 �� ���
�
	 ���� ).

P
ossible

im
plem

entations:

�
R

andom
ly

pick
an

elem
ent� �from

��
����

until	 �� ���
�
	 ����

(bad).
�

C
ollectall �

�
�� ��
�� ���

��
�
	 �� ���

�
	 �����,selecta

random
elem

entfrom
�

.
�

V
ariation:

select
elem

ent
from

�
w

ith
a

probability
proportional

to
the

cost
decrease.
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c
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Ste
e

p
e

stD
e

sc
e

nt

S
pecialversion

ofrandom
descent.

S
elects

bestcandidate
in

neighborhood.

1.
C

hoose
an

initialpossible
solution

�
to

the
problem

.

2.
C

hoose
another

possible
solution

� ��
��
����

so
that 	 �� ��

�
	 ����,

and
there

is
no

other � ���
��
����

so
that 	 �� ���

�
	 �� ��.

Let ��
� �.

3.
R

epeat
(2)

until � �
is

a
solution

or
is

optim
al,

or
until

a
plateau

has
been

detected
(there

is
no� �so

that	 �� ���
�
	 ���� ).

It
is

a
good

idea
to

random
ize

the
choice

of � �if
severalcandidates

are
equally

good.M
a

rku
s

Bo
h
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O
utline

H
euristic

and
E

xactM
ethods

Introduction
to

LocalS
earch

InitialS
olutions

C
ostF

unctions

N
eighborhoods

Im
provem

entS
trategies

P
lateau

s
an

d
L

o
calO

p
tim

a

A
lgorithm

s
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c
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Esc
a

p
ing

Pla
te

a
us

a
nd

Lo
c

a
lM

inim
a

1367310 Z

1.0

10.5

20.0
Y

20.0

10.5

1.0

X

�
A

llneighbors
increase

the
cost—

localm
inim

um
.

�
N

o
neighbor

decrease
the

cost—
plateau

(generalization
oflocalm

inim
um

).

�
B

asic
S

trategy:
diversify

search.
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C
o

m
m

o
n

Esc
a

p
e

Te
c

hniq
ue

s

�
R

andom
ization

�
H

orizon
E

xtension

�
C

ostadaptation

�
H

istory-based
S

earch

�
M

onte-C
arlo

M
ethods
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Ra
nd

o
m

iza
tio

n

�
R

andom
ize

param
eters

in
the

search.

�
M

ake
a

choice
ofneighbor

w
ith

a
probability

inverse
proportionalto

the
cost.

�
R

estartfrom
a

random
new

solution.

�
R

andom
ly

m
odify

parts
ofthe

solution.

�
V

ery
com

m
on

w
ay

to
handle

plateaus
and

localm
inim

a.

�
O

ften
crucialin

achieving
efficientsearch.

�
C

heap
in

term
s

ofim
plem

entation
effortand

com
plexity.
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V
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m
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Exte
nsio

n
o

fH
o

rizo
n

T
hese

techniques
aim

to
increase

the
size

ofthe
neighborhood,and

thus
allow

ing
the

search
to

find
states

thatim
prove

the
situation,escaping

the
plateau.

�
A

llow
flatm

oves
-

ifno
better

solution
exist,pick

one
(atrandom

)
thatatleast

does
notincrease

cost.

�
Tem

porary
increase

ofthe
neighborhood

size:

�-assig
n

�
� ��

�� -assig
n

�-m
o

d
ify

�
� ��

�� -m
o

d
ify

�-sw
ap

�
� ��

���-sw
ap

�
V

ariant:
P

erform
�

successive
im

provem
ents

in
order

to
find

better
solutions.

R
elax

the
costconstrainton

m
oves.

M
a

rku
s

Bo
h

lin
34

C
o

n
stra

in
t

Pro
g

ra
m

m
in

g
2002:

H
e

u
ristic

M
e

th
o

d
s

V
ä

ste
rå

s,D
e

c
e

m
b

e
r13,2002

C
o

sta
d

a
p

ta
tio

n

�
O

bservation:
S

everal
constraints

are
violated

m
ore

often
than

other
constraints.

�
A

ttach
a

w
eight

� ����
to

each
constraint

�
.

Initially
� �����

�
for

all
�

.

�
Increase

w
eighton

violated
constraints:

� �����
�

� �����
�.

�
D

ecrease
w

eighton
satisfied

constraints:
� �����

�
� ����

�
�.

�
V

ariation:
N

o
decrease,butnorm

alization
ofw

eights
after

�
iterations.

�
E

ffect:
V

iolated
constraints

w
ill

becom
e

m
ore

valuable
to

satisfy,
and

the
search

w
illthus

be
directed

aw
ay

from
a

localm
inim

um
/plateau.
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H
isto

ry-b
a

se
d

se
a

rc
h

�
A

void
undoing

m
oves

that
w

e
have

already
com

m
itted

to.

�
If

w
e

rem
em

ber
each

solution
w

e’ve
tried,

w
e

can
achieve

com
pleteness!

�
H

ow
ever,

this
m

eans
exponential

space
and

tim
e

com
plexity

ofalgorithm
.

�
A

pproach
1:

rem
em

ber
�

last
changes

m
ade,

and
forbid

undoing
them

(Tabu
S

earch).

�
A

pproach
2:

R
em

em
ber

�
last

m
ost

general
dead

ends,and
avoid

them
(N

o-goods).
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Ta
b

u
Se

a
rc

h
�

K
eep

track
of

the
�

last
changes

m
ade

in
a

tabu
list,

forbid
undoing

the
changes

in
the

tabu
list.

�
P

aram
eter

�
is

the
tabu

tenure
size,

critical
to

select
right

value
for

perform
ance

ofsearch.

�
Ifa

change
thatis

tabu
decreases

the
cost,do

itanyw
ay

(aspiration
criteria).

�
E

ffect:
D

iversification
ofsearch,possible

to
escape

a
localm

inim
um

/plateau.

�
V

ariation:
vary

the
size

of �
during

the
search

(increase
atplateaus).

�
V

ariation:
ifa

dead
end

is
detected,decrease

tabu
listuntilw

e
can

go
back

to
a

previous
state

–
A

lim
ited

form
ofbacktracking.

�
V

ery
successful,

crucial
in

gaining
local

search
perform

ance
for

integer
optim

ization,planning,scheduling,etc.

M
a

rku
s

Bo
h

lin
37



C
o

n
stra

in
t

Pro
g

ra
m

m
in

g
2002:

H
e

u
ristic

M
e

th
o

d
s

V
ä

ste
rå

s,D
e

c
e

m
b

e
r13,2002

M
o

nte
-C

a
rlo

b
a

se
d

m
e

tho
d

s

�
Localsearch

thatallow
s

changes
that“m

akes
things

w
orse”.

w
ith

a
probability

inverse
proportionalto

the
increase

ofthe
cost.

�
S

pecialcase:
S

im
ulated

A
nnealing.

�
H

ere,
w

e
decrease

the
probability

(tem
perature)

of
a

nondecreasing
change

as
the

search
proceeds.

�
E

ffect:
M

ore
“irrational”

behaviour,
cost-increasing

changes
w

illbe
com

m
ited

to
and

the
search

w
ill(hopefully)

escape
from

localm
inim

a
and

plateaus.

�
If

the
tem

perature
decrease

is
“sufficiently

sm
all”,

convergence
can

be
guaranteed.

T
here

is
how

ever
no

definition
of“sufficiently”...
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O
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H
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and
E
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ethods

Introduction
to

LocalS
earch

InitialS
olutions

C
ostF
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N
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M
in-c

o
nflic

ts
lo

c
a

lse
a

rc
h

�
Localsearch

on
binary

F
D

constraintsolving.

�
U

ses
the

�-assign
neighborhood.

�
M

ain
loop

ofalgorithm
:

1.
S

electa
variable

involved
in

a
violated

constraint.
2.

C
hoose

a
new

value
for

the
variable

so
that

the
num

ber
of

violated
constraints

are
m

inim
ized.

�
H

as
been

used
to

plan
the

usage
ofthe

H
ubble

space
telescope.
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M
in-c

o
nflic

ts
A

lg
o

rithm

fo
r

�
�

�
���	�����M
A

X
-T

R
IE

S
d

o
�
�

random
assignm

ent
fo

r
�
�

�����	���	�M
A

X
-M

O
V

E
S

d
o

if 	 ����
�

th
en

	
uses

the
�-assign

neighborhood
retu

rn
“satisfied

by
�

”
en

d
if

�
�

variable
in ��

���
thatm

inim
izes

the
violated

constraints
en

d
fo

r
en

d
fo

r
retu

rn
“no

satisfying
assignm

entfound”
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H
yb

rid
A

p
p

ro
a

c
he

s

H
ybridizations

of
local

search
and

system
atic

techniques
aim

to
overcom

e
the

draw
backs

w
ith

both
techniques.

S
everalapproaches:

�
U

se
heuristics

to
guide

labeling
in

system
atic

techniques.

�
U

se
propagation

as
a

firststep
to

reduce
dom

ains.

�
U

se
labeling

and
propagation

on
dom

ains,
replace

backtracking
w

ith
a

local
im

provem
entphase.

�
U

se
localsearch

on
a

constraintsystem
sim

ilar
to

C
P.
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Info
rm

e
d

Ba
cktra

ck

�
A

n
exact

m
ethod

based
on

m
in-conflicts.

�
S

tarts
w

ith
an

given
assignm

entin
w

hich
one

orm
ore

constraints
are

violated.

�
T

he
m

ethod
uses

tw
o

sets:
�

,
variables

w
ith

possible
conflicts

and
�

,
a

consistenttuple.

�
T

he
algorithm

tries
to

find
a

sequence
ofsteps

so
thatno

variable
is

repaired
m

ore
than

once
and

allconstraints
are

satisfied.
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Info
rm

e
d

Ba
cktra

ck
A

lg
o

rithm

p
ro

ced
u

re
inform

ed-backtrack(
�� �

)
if

allconstraints
are

satisfied
th

en
succeed.

�
�

a
variable

in
�

thatis
in

conflict
fo

r
all �

�����
by

ascending
num

ber
ofconflicts

w
ith

�
d

o
if ������

does
notconflictw

ith
any

�
�
�

th
en

assign�
to �

inform
ed-backtrack(

���� ��� �
	
� �� )

en
d

if
en

d
fo

r
en

d
p

ro
c

p
ro

ced
u

re
m

ain()
�

�
allvariables

assigned
an

initialvalue
inform

ed-backtrack(
���� )

en
d

p
ro

c
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D
ra

w
b

a
cks

o
fBa

cktra
ck

Se
a

rc
h

C
LP

backtrack
search

and
IB

has
a

serious
problem

:
E

very
incorrect

choice
of

value
is

fatal.
A

tuple
not

part
of

a
solution

cannot
be

rejected
untilit

is
proven

exhaustively
thatthis

is
the

case.

�
W

eak-com
m

itm
entis

based
on

m
in-conflicts.

�
A

llvariables
are

assigned
an

initialvalue.

�
A

consistenttuple
�

is
constructed

variable
for

variable.

�
N

ew
values

are
selected

according
to

the
m

in-conflicts
heuristic.

�
If
�

cannot
be

extended,
it

is
rejected

and
�

is
stored

as
a

nogood.
T

he
algorithm

then
restarts.
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W
e

a
k-c

o
m

m
itm

e
nta

lg
o

rithm
p

ro
ced

u
re

w
cs(���������

)
if

allconstraints
in�

are
satisfi

ed
th

en
succeed.

�
	
a

variable
in �

thatis
in

conflict
�
	

values
from��


satisfying
allconstraints

together
w

ith�
if �

���
th

en
if � ���

th
en

fail.
retu

rn
w

cs( ������� ��������������������! "�$#&%)
else'	

'�(*)�
thatm

inim
izes

the
num

ber
ofconflicts

w
ith �

assign '
to �

w
cs(��+,� �%��-�.��� �%����

)
en

d
if

en
d

p
ro

c

p
ro

ced
u

re
m

ain()
�
	

allvariables
assigned

an
initialvalue

� 	
allconstraints

w
cs(�/� ����

)
en
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